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1 What is Mixing?

Heuristically mixing is the (irreversible) process
of converting kinetic energy into potential energy.
This is obviously a critical part of any stratified
flow, and as such has been studied for as long as
flows have been studied.Mixing transition in free shear layers 9
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Figure 2. Schematic diagram of the total energy budget of the flow, showing all possible reversible
changes (shown by solid lines and arrows) and irreversible changes (shown by dashed lines and
hollow arrows) and exchanges between the kinetic energy K, potential energy P, and internal
energy I of the flow.

To understand the evolution and development of perturbations within the flows
under consideration, it is important to understand how energy may be redistributed
as the perturbations evolve. The energy budget is shown schematically in figure 2
(following Winters et al. 1995) with the various possible energy conversions indicated.

2.1. Kinetic energy

In the Boussinesq approximation, we may identify the average total kinetic energy
per unit mass of the flow over the computational domain as

K(t) = �[(u2 + v2 + w2)/2]�xyz, (2.15)

which can be subdivided into three constituent parts analogously to the velocity and
density fields as

K = K̄+Kkh + K3d, (2.16)

where

K̄=�(V̄ 2)/2�z, (2.17)

Kkh = �(v2
kh + w2

kh)/2�yz, (2.18)

K3d = �(u2
3d + v2

3d + w2
3d)/2�xyz. (2.19)

These three average kinetic energies may be identified respectively as the average
kinetic energy of the mean, background flow, the average kinetic energy associated
with the spanwise-averaged two-dimensional perturbation, and the average kinetic
energy of the three-dimensional deviation from the spanwise average. We average
over the volume to remove dependence on the chosen volume of the domain.

The evolution equation for K(t) can be shown to be

σ =
1

2K

d

dt
K =

1

2K

�
−Ri(0)

R
�ρw�xyz − 1

Re
�(∇u)2�xyz

�
, (2.20)

≡ H + D, (2.21)

defining σ, a ‘growth rate’ for the total velocity u. Instantaneously, �|u|�xyz ∝ exp (σt)
in general. Naturally, D is negative definite, and quantifies the loss of average kinetic
energy (to the internal energy of the fluid) due to viscous dissipation. This loss is
irreversible. The first term on the right-hand side of (2.20) is the (non-dimensional)
buoyancy flux, which quantifies the exchange between the average total kinetic energy

Figure 1: A schematic showing the energy in a
given flow correlating kinetic, potential, and in-
ternal energy of the fluid. (Caulfield and Peltier,
2000)

Figure 1 (from Caulfield and Peltier), showing
schematic of mixing and the total energy bud-
get. The salient point here is that stirring is a
reversible process between kinetic and potential
energy, whereals dissipation, diffusion and mixing
are irreversible (and thus one-way) processes. This
means that the process of mixing permanently re-
moves kinetic energy from the system, increasing
the internal (inaccessible) energy of the flow.

1.1 Potential Energy

Potential energy is how much energy (in Joules)
is stored in flow. However, the actual amount of
energy which can be converted to kinetic energy
from the flow is not equal to the amount of poten-
tial energy present. Thus we define a new quantity,
Available Potential Energy (APE) defined as the
amount of energy which can be extracted from the
flow.
There are several ways to define APE. The most

intuitive is

APE1 = ρ
�
gz,

where ρ� is the perturbation density.

Alternatively APE can be define in a positive-
definite way (Holliday and McIntyre, 1981) as

APE2 =

� z

z−ξ
g[ρ(z)− ρr(z

�)]dz�

where ρr is the reference density. The integrals of
APE1 and APE2 over a finite domain are identical
(Lamb, 2008).

In both cases (and in fact any reasonable defini-
tion of APE) we require a background or reference
state. This state is our stable minimum energy
state. In practice in order to obtain the “refer-
ence density” from numerical simulations we are
required to take the density field and sort it. Do-
ing this for actual numerical data is very costly and
time-consuming (especially for any reasonable grid
size) because sorting and rearranging the density
field is very expensive. While this is inarguably the
best way to do it, what is often done (especially in
problems when mixing and diffusion play a signifi-
cant role) is that the reference state used is not the
sorted state, but rather some pre-determined state.
Usually this corresponds to the initial state of the
system (if relatively little mixing has occurred) or
a rough estimate of the sorted state.

12 C. P. Caulfield and W. R. Peltier

q–Dq q+Dq

q–3Dqq+3Dq

q–3Dq
q–Dq
q+Dq
q+3Dq

z z

q q–3Dq q+Dq
q–Dq q+3Dq

q qB

Figure 3. Schematic diagram of the adiabatic redistribution of fluid parcels (with densities ρ± 3∆ρ
and ρ±∆ρ) to evaluate the background density distribution ρB associated with the average minimal

background potential energy PB of a flow. Also shown are the vertical distributions of the mean

density ρ̄ and the background density distribution ρB .

energy is governed by the equation

d

dt
P =

Ri(0)

R
�ρw�xyz + D̂P, (2.28)

where D̂P is the diffusive irreversible conversion of the fluid’s internal energy into

potential energy, and is strictly positive, and the hat denotes no normalization by 2K.

Our domain was sufficiently deep so that to a good approximation D̂P was constant,

and equal to

D̂P = Ri(0)/(10RRePr). (2.29)

Thus the average potential energy is irreversibly increasing at a constant rate due

to diffusion. Within our simulations, this term plays a negligible role in the dynamic

evolution of the flow.

On the other hand the buoyancy flux term, −Ĥ = −2KH, where H is as

defined in (2.21) may be positive or negative depending on the particular structure of

perturbations, plays a fundamental role in the flow dynamics. The average background

potential energy always increases with time, either through mixing or diffusion of the

mean fluid density profile, at a rate that is bounded below by D̂P. Since it is possible

by direct calculation to determine continuously the rate at which PB is increasing, the

evolution equations for the two distinct components of the potential energy density

may be written as

d

dt
PA = −Ĥ − M̂ ≡ Ŝ, (2.30)

d

dt
PB = M̂ + D̂P, (2.31)

where M̂ is a non-negative quantity which may be identified as the instantaneous

mixing rate, and Ŝ is (by definition) the instantaneous stirring rate. It is important

to appreciate that, in the absence of motion, M̂ → 0, and so ‘mixing’ as we define it

is inherently related to fluid motion.

2.3. Mixing efficiency

The instantaneous mixing rate M̂ may be used to define instantaneous and cumulative

mixing efficiencies within a shear flow in a manner consistent with definitions used in

Figure 2: A schematic showing the process of sort-
ing required in order to find a background or ref-
erence state for APE calculation. (Caulfield and
Peltier, 2000)
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1.2 Mixing Efficiency

One of the fundamentally talked about quantities
relating to mixing is the concept of ‘mixing effi-
ciency’, which is defined as the ratio of the increase
in the total potential energy to the work done on
the fluid (presumably by the driving mechanism).
Mixing induced by turbulence generally deforms
the density field into well-mixed regions separated
by thin regions of high density gradient. This is
commonly observed in laboratory and field mea-
surements.
Heuristically the thing we are trying to measure

is the kinetic energy that has be irreversibly lost
to potential energy. However doing this in practice
is difficult. It is however worth nothing that the
generally accepted value for mixing efficiency is ∼
0.1− 0.2.

1.3 Mixing and Prandtl

Since mixing is associated with regions of high den-
sity gradient one of the most important factors in
determining how much (and how efficient) mixing
will occur is the Prandtl number.

Pr =
ν

α
=

viscousdiffusionrate

thermaldiffusionrate

The Prandtl number gives a ration between diffu-
sion rates. This rate gives us an idea of how thinly
density contours can be stretched before they are
smoothed out. The physical interpretation is that
the higher the Prandtl number, the finer the el-
ements of the flow can become before they are
smoothed out by diffusion.
As a reference point, the Prandtl number for a

fluid with salt and fresh water is about O(103).
In contrast, most numerical simulations are run at
Prandtl number of order O(1).
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Figure 1. (a) Contours of spanwise vorticity in a fully-developed KH billow in an unstratified
shear flow, at a time when the perturbation has maximum amplitude. Compartmentalization of the
flow into core (dotted rectangle), eyelid (dashed rectangle) and braid regions (dot-dashed rectangle)
is also shown. (b) Contours of spanwise vorticity in a fully-developed KH billow in a flow with
Ri(0) = 0.05, at a time when the perturbation has maximum amplitude. Shading denotes regions
of static instability. The Reynolds number Re = 750 = Ud/ν, where U and d are half the velocity
difference and the shear half-depth respectively, and the Prandtl number Pr = ν/k = 1 where ν is
the kinematic viscosity and κ is the thermal diffusivity.

disordered motion and the transition to turbulence in homogeneous free shear layers,
and have been much studied both numerically and experimentally (see for example
Corcos & Lin 1984; Lin & Corcos 1984; Bernal & Roshko 1986; Metcalfe et al. 1987;
Lasheras, Cho & Maxworthy 1986; Lasheras & Choi 1988; Ashurst & Meiburg 1988;
Klaassen & Peltier 1989, 1991; Nygaard & Glezer 1991; Rogers & Moser 1992; Knio
& Ghoniem 1992; Smyth & Peltier 1994; Schowalter, Van Atta & Lasheras 1994;
Lesieur, Comte & Métais 1995; Potylitsin & Peltier 1998).

It is well-known that both the elliptical KH vortex core (see Pierrehumbert &
Widnall 1982; Cambon, Teissèdre & Jeandal 1985; Bayly 1986; Pierrehumbert 1986;
Landman & Saffman 1987; Klaassen & Peltier 1989; Waleffe 1990; Nygaard &
Glezer 1990, 1991; Smyth & Peltier 1994; Salhi, Cambon & Speziale 1997; Potylitsin
& Peltier 1998) and the hyperbolic braid region (Klaassen & Peltier 1991, henceforth
KP91; Smyth & Peltier 1994) are subject to distinct, fundamentally three-dimensional
secondary instabilities. Smyth & Peltier (1994) showed that the braid-centred ‘hyper-
bolic’ instability is predicted to have larger growth rate than the core-centred ‘elliptic’
instability provided the spanwise wavelength of the perturbation is sufficiently small.
One of the principal objectives of this paper is to clarify the initial growth mechanism
of the principal secondary instability of a homogeneous shear layer. We demonstrate
unequivocally that the development of three-dimensional motions in a primary KH
billow is dominated by the onset of a braid-centred hyperbolic instability, which is
fundamentally distinct from the ‘elliptical’ instability.

To distinguish between the braid-centred and core-centred instabilities, we consider
the spatial localization of the three-dimensional perturbations in detail. We find that it
is helpful to compartmentalize all perturbation quantities (in particular, appropriately
defined perturbation kinetic energies) into different bins, associated with the primary
billow core, the billow periphery (or ‘eyelid’) and the braid region, as shown in figure
1(a). For simplicity, we have chosen these bins to be rectangular, and defined them
in terms of the spanwise vorticity contours of a two-dimensional, unstratified shear
layer. The ‘core’ region was defined as the minimal rectangle containing fluid with
spanwise vorticity that is at least 70% of the maximum value within the flow. The
vertical extent of this region also defines the vertical extent of the ‘braid’ region. The

Figure 3: A typically evolved Kelvin-Helmholtz
billow. Note the core and braid regions and the
internal structure. (Caulfield and Peltier, 2000)

A great example (and by great I mean close
to my heart) are K-H billows. there is a natural
tendency in a stratified shear flow to form billow
cores (the circular, vortex-filled parts) and braids
(the thin shear-dominated parts connecting cores).

With a relatively high Prandtl number (O(10))
these braids and cores form very thin and intri-
cate patterns, whereas for a low Prandtl number
simulation (Pr = 0.5−2) the cores become almost
homogeneous regions of mixed rotating fluid. (For
the interested, this is why I’m talking about mixing
to begiin with)

1.4 So How Do We Measure It?

So now that we understand a little bit what mixing
is and how it relates to some of the characteristics
of the flow, we need to determine how much mix-
ing has occurred. There are a lot of ways to do
this, the most mathematically correct is of course
to compute the total amount of energy in kinetic,
available potential, internal, and the work done by
the driving force. However this is so expensive that
it’s very close to impossible.

A more reasonable approach is to calculate how
much opportunity for mixing exists in the flow.
To this end we can calculate the square of density
gradient (∇ρ2). Then integrate it (in any or all di-
rections you like) and get a positive definite metric
for how much opportunity for mixing exists in the
flow. This is likely what I’ll be doing for my own
simulations.

1.5 So What Did We Learn?

APE is useful, but not overly so because of how
costly it is

Mixing is very complicated. I haven’t spoken
here about the relation between Richardson num-
ber and mixing. There is a fair amount of literature
on the subject, however it’s more involved than is
needed for this brief intro.

Turbulence is (obviously) the primary mecha-
nism by mixing, however it is important to remem-
ber that the way that turbulence works relies on
other factors such as Prandtl number, the scale of
the driving force, the stability of stratification and
a myriad other things.

2 References

• Caulfield and Peltier, 2000, JFM, ”The anatomy of the mixing tran-
sition in homogeneous and stratified free layer shear flows”

• Fernando, 1991, Ann. Rev. Fluid Mech. ”Turbulent Mixing in
Stratified Fluids”

• Holliday and McIntyre, 1981, JFM, ”On potential energy density in
an incompressible, stratified fluid.”

• Kang and Fringer, 2010, American Meteorological Society. ”On the
calculation of available potential energy in internal wave fields”

• Lamb, 2008, JFM, ”On the calculation of the available potential
energy of an isolated perturbation ina dnesity-stratified fluid.”

• Linden , 1979, Geo. & Astrophysical Fluid Dynamics, ”Mixing in
stratified Fluids”

• Peltier and Caulfield, 2003, Ann. Rev. Fluid Mech. ”Mixing effi-
ciency in stratified shear flows”

2


	Mixing
	Potential Energy
	Mixing Efficiency
	Mixing and Prandtl
	So How Do We Measure It?
	So What Did We Learn?

	References

